Beamlines at the National Ignition Facility (NIF) use large neodymium-doped glass slabs for amplification of pulsed beams with various temporal shapes and transverse dimensions ∼40 cm × 40 cm. Currently, the Virtual Beam Line (VBL) simulator 1 computes saturable amplification according to the approach of Frantz and Nodvik, modified to include drain of the lasing transition's lower level. Linearly chirped pulses are amplified by gain media parameterized by an emission cross section value referenced to the instantaneous beam wavelength. Expanding the capabilities of VBL to a family of waveforms that is more diverse in terms of spectral amplitude and phase calls for the adoption of an approach that is fundamentally dispersive.
INTRODUCTION
The National Ignition Facility 2 (NIF) is a large laser system designed to deliver 1.8 MJ at 500 TW in the UV. Its day-to-day operation benefits from the predictive capabilities of the Virtual Beam Line (VBL) simulator.
1 An important part of the modeling is the propagation and amplification that occurs in the amplifiers of the 1ω Main Laser System. Each beamline involves 54 passes through 4-cm-thick Nd-doped phosphate slabs. Using modified Frantz-Nodvik expressions, derived from the point of view of continuity equations, the amplification of laser pulses that can be treated as being monochromatic may be accurately calculated. In various contexts, an optical pulse may fail to satisfy the narrowband assumption, which may bring the detailed luminescence properties of gain media into play. Methods for simulating the nonlinear propagation of broadband laser pulses in complex gain media, in which phenomena like spectral hole-burning affect system performance, are in demand.
Generally speaking, spectral hole-burning in Nd laser glasses is well established. 3, 4 At the level of the Nd 3+ ion, Stark splitting of the 4 F 3/2 (two-fold) and 4 I 11/2 (six-fold) manifolds produces twelve distinct stimulated emission pathways underlying the 1.06-µm transition. 5 In solids, homogeneous linewidths are temperature dependent, and vary from host to host in such a way that is correlated with the velocity of sound, but not in the manner predicted by simple theoretical descriptions of the line broadening process. 6 Furthermore, the site-to-site variation of the local crystal field experienced by dopant ions brings about inhomogeneous broadening of the Stark components, blurring the energy levels as they exist in the macroscopic, amorphous host. [7] [8] [9] The complexities of laser glass transitions conspire to render their cross sections dependent upon the fabrication process, leaving predictive modeling somewhat reliant upon empirical data.
Recently, an approach to the simulation of broadband laser pulse propagation with chirped-pulse amplification and fiber systems in mind has been reported. 10 It involves segmenting an input pulse into low-fluence temporal segments that are soft-windowed and individually Fourier-transformed, amplified, inverse-transformed, and recombined. While this approach is found to be accurate in practical cases of interest, its use would seem to require special attention whenever input pulse attributes are varied significantly.
A previous approach 11 to amplification of broadband laser pulses was based on resonant dipole equations, but involved simplification of the model to handle certain important cases. In particular, the approach involves approximations that rely on the pulse bandwidth being small as compared with the transition linewidth, as well as the validity of the concept of instantaneous frequency. These and other assumptions were used to simplify the modeling of linearly chirped pulses.
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Other approaches exist. [13] [14] [15] In this paper, we describe an approach in terms of coupled equations that describe the evolution of the population inversion and the associated resonant polarization. We direct our attention to Nd-doped phosphate glasses such as those used at the NIF, but proceed with generality and versatility in mind.
THEORY

Propagation Formalism
We consider z propagation of laser fields according to the unidirectional pulse propagation equation
where 0 is the permittivity of free space, c is the speed of light in vacuum, and tildes (∼) are shorthand for the spectral representation (spatial and angular frequency dependence) of a field's dependence on transverse space and time. The nonlinear polarization P is a functional of the complex electric field E, and is described in Section 2.2. The z-component of the wavevector is
where n(ω) is the linear refractive index at angular frequency ω. The algorithm we employ actually solves for spectral amplitudes A related to E byẼ(z) = exp(ik z z)Ã(z), where k z is the wavevector component adjusted for propagation of envelopes in the local time frame at speed v f (see Sec. 2.2 of Ref. 17):
Here, Ω ≡ ω − ω 0 is the angular frequency shift from the reference frequency ω 0 , which is typically chosen to be the pulse center frequency. The frame velocity v f is typically chosen to be the group velocity as derived from n(ω). Introducing an array notation * for clarity, the equation describing the z evolution of the envelopes A in terms of envelopes P and E becomes
at z = 0, an additional linear propagator is applied at the end of each full z step, which reestablishes the equality. This redefining of the z = 0 coordinate origin after each z step (1) alleviates computational inconvenience associated with the linear term in Eq. (1), and (2) is how the algorithm for solving the purely nonlinear propagation problem of Eq. (4) computes linear propagation in the limit P → 0.
In order to focus on the time-frequency aspects of broadband amplification in the nonlinear regime (saturation and Kerr nonlinearities), from here on in this paper we consider propagation of pulses with no structure transverse to the direction of propagation. Setting k x = k y = 0, we thus consider the 1D problem
which represents an ordinary differential equation (ODE) in z for each Ω in the spectrum of the envelope E(t).
A refined method for solving this 1D problem may be utilized by multidimensional code that computes the z evolution of Eq (4).
Nonlinear Polarization 2.2.1 The resonant dipole and population inversion equations
The polarization envelope to be used in Eq. (5) that describes amplification of a broadband laser pulse is computed from the known (at the beginning of each z step) E(t) according to the resonant dipole equation (RDE)
coupled to the population inversion equation (PIE)
where ω a is the resonance frequency (rad/s) of the transition with linewidth ∆ω a , Im{ } indicates the imaginary part, N ≡ N 2 − N 1 is the population inversion (ions/m 3 ), and N 0 is the equilibrium value to which the inversion decays, with time constant T 1 , in the presence of zero field. All other parameters are defined in Appendix A.
The form of Eq. (6) can be derived from a classical oscillator model 18 and subsequently connected to the time evolution of dipole operator expectation values as derived from a quantum mechanical density matrix formalism (i.e, Bloch equations). 15 In the small-signal regime, where N (t) can be regarded as a constant, the response is a complex Lorentzian, whose imaginary part expresses the wavelength-dependent gain (loss if N is initialized to be negative) † . We integrate the time-dependent problem given in Eqs. (6) and (7) numerically during each z step associated with the ODE solver. Specifically, custom fourth-order Runge-Kutta ODE routines are used. In this way (that is, by working in the time domain), the approach captures the spectral amplitude and phase modulations generated during amplification of an essentially arbitrary broadband electric field ‡ .
At higher field strengths, saturation occurs as the population inversion is depleted and energy is less efficiently transferred to the passing field. This is often referred to as square pulse distortion because the leading edge of (for example) a simple, temporally flat-in-time input pulse is preferentially amplified, producing a steepened output pulse shape. Describing this phenomenon accurately is crucial in the context of predictive modeling of high-fluence laser systems that operate in this regime.
At this point, the model described captures (1) saturation without difficulties associated with segmenting the pulse into N (t) ≈ constant temporal slices (whose acceptable duration depends on the rate of saturation and hence field strength, etc.), 10 but provided the lasing action can be reduced to the dynamics of only two energy levels, and (2) the full spectral dependence of the response, provided the gain curve corresponds to a complex Lorentzian shape. We present simulations that demonstrate the capabilities of this model in Sec. 3.1. The model is extended to more realistic laser glasses in the next section. † Note that Rabi oscillations occur for transitions much narrower than we consider here.
‡ Our envelope approach neglects harmonic generation that would arise from retaining single-cycle-scale time variation and carrier-envelope offset effects generally considered only for duration-to-period ratios τ /T 10.
Additional resonant polarization terms
The responses of rare-earth-doped laser glasses are generally not simple Lorentzians. Measured spectral gain profiles in NIF laser glass show asymmetry about the peak, indicating the inadequacy of a single-oscillator model to describe the entire transition. While the departure from a simple Lorentzian profile is quite benign with respect to amplification of bandwidth-limited nanosecond optical pulses (indeed, single-frequency models of saturable gain such as the model due to Frantz and Nodvik 19 suffer negligible wavelength-dependence errors in such a case), as broader-band incident pulses are considered, the importance of accounting for the asymmetric gain increases. Moreover, the NIF laser is capable of operating at wavelengths that are not necessarily at the peak of the emission cross section. Simulation mismatch associated with gain asymmetry may be further exacerbated in such cases.
In addition, the shape of a laser glass's gain changes in the saturating regime. While gain inhomogeneities in NIF amplifier glass are less pronounced as compared with other glasses, the presence of signatures of what may more appropriately be referred to as spectral "gain-warping", akin to spectral hole-burning and arising from the same basic physics, has been demonstrated. 8 In principle, the Stark components (each oscillator) may require independent parameters. 20 On the other hand, non-uniform saturation is known to be less important in Nd-doped phosphates as compared with other hosts that have been investigated. [21] [22] [23] It may be sufficient to consider fewer than twelve (for the sake of runtime reduction), depending on the spectral width of the pulse in relation to the inhomogeneity and degree of overlap of the Stark components in a particular glass specimen. In any event, appealing to the superposition principle we can refine the single-oscillator model by incorporating multiple RDE+PIE pairs into the time-dependent problem solved during each z step. We neglect cross-relaxation effects in this paper on the grounds that they occur in the glasses under consideration on the time scale of a few hundred microseconds. Relaxation of the lower level that is more dynamic than can be handled by the PIE should be treated by reverting to precursor equations for the individual quantum states.
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Choosing to retain all twelve Stark components, the total polarization associated with the lasing transition becomes
where each P i is derived from an independent RDE+PIE pair. The small-signal lasing action at a particular z position can be characterized § in terms of the susceptibility computed as
whereẼ(ω) is the field prior to the computation ofP tot (ω), and the square of the host refractive index n 0 occurs in the denominator because of the separation of the material into atomic and host susceptibilities. See Ch. 2 of Ref. 18 . The susceptibility in Eq. (9) is the quantity whose shape depends on the initial population inversions of the various oscillators. We note that multiple-Lorentzian, effective modeling schemes have been developed in the context of semiconductor laser studies.
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The imaginary part of χ(ω) can be plotted (after being rescaled) along with an emission cross section associated with each oscillator alone for the purpose of interpreting the amplifier model in the frequency domain. These single-oscillator emission cross sections are computed as (see Ch. 7 of Ref. 18 )
where i's refer to a quantity referenced to, or computed for, each oscillator in the absence of all other oscillators. We note that emission cross sections are per-ion quantities -as given by Eq. (10), they do not depend on initial population inversion densities because the factor of N i in the denominator cancels with the dependence in the numerator.
Our broadband, saturable gain model has been expanded to treat the lasing transition as a superposition of an arbitrary number of Lorentzian oscillators, each driven by the passing electric field and coupled to its own PIE. We present simulations that demonstrate the capabilities of this model, and suggest a scheme for measuring effective oscillator parameters, in Sec. 3.2. A term to account for the optical Kerr effect is added to the nonlinear polarization in the next section.
Optical Kerr effect
The nonlinear polarization terms of the previous sections are parametrically nonlinear -they correspond to equations whose linear response is spoiled by saturation of the gain in fluence regimes where it is appreciably dynamic. The optical Kerr effect arises from the third-order contribution to a series expansion for the material response in powers of E. We add to the nonlinear polarization the following term that produces self-phase modulation and spectral broadening at high intensities, and in a higher-dimensional code that includes transversespatial effects (reverting from Eq. (5) to Eq. (4)), may induce self-focusing and/or nonlinear ripple growth:
Here, E(t) is the known field (at the beginning of each z step),
, and the nonlinear refractive index of the host glass is n 2 = 2.89 × 10 −20 m 2 /W. This form treats the response as being instantaneous and purely electronic. To be clear, all pulse frequencies experience the same Kerr nonlinearity, and any delayed response from nuclear motion is neglected. See Sec. 2.4 of Ref. 17 for details.
The model developed in this paper now takes the amplifying medium as a dispersive (according to n(ω)) glass that experiences the optical Kerr effect (parametrized by n 2 0 n 2 ) and is host to resonant dopants. The passing electric field experiences saturable gain associated with stimulated emission on the lasing transition composed of a superposition of Lorentzian lines. We present results produced using the completed model and compare them with results produced using its precursors in Sec. 4.
MODEL ASSESSMENT
In the preceding section, a model for amplification of broadband laser pulses subject to gain saturation and Kerr nonlinearity was developed. In this section, we describe a single-effective-oscillator approach (Sec. 3.1) perhaps suitable for fairly narrowband but non-monochromatic lasers, and a multiple-oscillator approach (Sec. 3.2) that is capable of capturing more realistic transition dynamics.
This paper focuses on Nd
3+ -doped phosphate laser glasses, the 4 F 3/2 → 4 I 11/2 lasing transition at 1.06 µm in particular. Dispersion of the linear refractive index is evaluated using Sellmeier coefficients found in Ref. 29 . We consider a 20th-order supergaussian pulse with an 80-ps duration. We note that the electric field strength is increased relative to what typically occurs in NIF beamlines to reach saturating fluences for this pulse duration. The increased intensities, which increase the contribution to the nonlinear polarization from the optical Kerr effect ¶ , as well as exaggerated phase modulator parameters, are to be regarded as stress tests of the model.
Single Effective Oscillator
At high-energy laser facilities like the NIF, bandwidth is added by phase modulators to a seed pulse in order to mitigate stimulated Brillouin scattering that could otherwise lead to catastrophic damage of optical components. Bandwidth addition, when combined with a dispersive optical component like a grating, also plays a key role in the effective speckle reduction at the target focal region by the technique of smoothing by spectral dispersion. A sinusoidally phase-modulated incident pulse, characterized by an oscillatory instantaneous frequency ω(t), experiences (saturable) gain that oscillates back and forth about the line center, leading to amplitude modulation in the (steepened) temporal shape. We refer to this side effect of bandwidth addition as frequency modulationto-amplitude modulation (FM-to-AM). 30 Improved modeling of this time-frequency phenomenon is one goal of the work reported in this paper.
Gain-saturating phase-modulated pulse
In this section, the 80-ps pulse is sinusoidally phase-modulated at 170 GHz with a modulation depth of 10, giving a bandwidth of 3.4 THz. A transition linewidth ∆ω a = 20 rad/ps, based on emission cross section measurements, 31 is chosen and corresponds to 3.2 THz. We choose the remaining gain material parameters to correspond to a known saturation fluence F sat at vacuum wavelength 1053 nm and chosen gain G 0 = 3 as follows: With σ 0 ≡ σ(ω a ) = ω a /2 * F sat , F sat = 4.52 × 10 4 J/m 2 gives σ 0 ≈ 4 × 10 −24 m 2 , which according to N init = ln G 0 /σ 0 L, with L = 4 cm, sets N init = 6.58 × 10 24 m −3 . Then, with γ rad given by Eq. (12) (see Appendix A), the single-oscillator model computes a narrowband, small-signal gain of 3 as expected. To be clear, simulations in this section use N init that is uniform in z. In addition, in order to investigate broadband saturable amplification in isolation, we artificially exclude the optical Kerr effect in this section by setting n 2 = 0. In the left panel of Fig. 1 , the emission cross section as computed from the imaginary part of the Lorentzian response according to Eqs. (9) and (10) is shown (red curve) along with the spectral intensity (rescaled) of the phase-modulated incident pulse (black curve). The amplified phase-modulated pulse is shown in the right panel of Fig. 1 (blue curve) along with the incident pulse (solid black curve). The amplified pulse for the narrowband case with no phase modulation imposed on the incident pulse is also shown for reference (dashed black curve).
The oscillatory behavior arising from FM-to-AM during amplification is clear in the temporal intensity of the phase-modulated pulse. The instantaneous gain crosses back and forth about the peak of the emission cross section at the frequency of the phase modulation applied to the input pulse. A closer look at the peaks in the temporal intensity reveals slight variation of the heights of the peaks with period that is twice the period of the more-pronounced oscillations that arise from FM-to-AM. This is due to linear dispersion of n(ω), as verified by simulations with n = constant (not shown), and can be understood as follows: Each minimum in I(t) corresponds to spectral components that lie either to the left (blue-shifted) or right (red-shifted) of the gain peak. These blue-and red-shifted minima alternate in time. In the material with normal dispersion, this translates into propagation speeds that are either decreased or increased, respectively. Thus, the energy in any given minimum feeds either the trailing peak, or alternately, the preceding peak as the pulse traverses the amplifier.
We emphasize that the emission cross section shown in Fig. 1 is not taken as input to the simulation. It was calculated purely for the purpose of interpretation of the model.
The data presented show that the single-oscillator model exhibits the saturation behavior captured, as well as the wavelength-dependent gain not captured, by the monochromatic Frantz-Nodvik theory. However, while the magnitude of the simple Lorentzian response can be diminished during the pulse, and at a rate dependent upon the instantaneous field strength, the gain curve cannot change shape within the constraints of this model.
The simulation of spectral hole-burning effects requires a more sophisticated model, described in Sec. 2.2.2 and explored in the next section.
Multiple Oscillators
In Sec. 3.1, an amplification model that is fundamentally dispersive in the sense of linear response theory, yet includes gain saturation as experienced by broadband laser pulses, was presented. In this section, we expand the model to include spectral hole-burning-type effects, whereby different contributors to the resonant susceptibility may be driven to emit more strongly (distinct radiative decay rates correspond to distinct σ i (ω) maxima), and may be individually depleted (inversions N i (z) are kept track of). As in Sec. 3.1, we artificially exclude the optical Kerr effect in this section by setting n 2 = 0.
Narrowband saturation/broadband probe for determining effective parameters
Here, we present features of the multiple-oscillator model of Sec. 2.2.2 while suggesting an experimental scheme for measurements that may be used to adjust the effective parametrization of the lasing transition so that a diverse family of broadband, intense pulses may be simulated.
The idea is as follows: A narrowband, high-fluence extraction pulse depletes the gain experienced by a broadband, weak probe pulse. Each of the pulses are 80-ps supergaussians. The probe pulse is sinusoidally phase-modulated at 170 GHz as before, but with a modulation depth increased from 10 to 30 for better spectral coverage (10. As the extraction pulse fluence is increased from 0.4 J/cm 2 (red) to 4.0 J/cm 2 (blue), the small-signal probe gain is warped by resonant depletion of the oscillators that are more strongly driven at 1053 nm. This is emphasized for the 4.0-J/cm 2 case by data shown in the bottom-left panel of Fig. 2 , which shows the residual population inversions after the passage of the extraction pulse through each z position. These are taken as the initial inversions for the probe pulse . Data for each of the twelve oscillators reveal the mixed contributions to the warped susceptibility made by transitions from either (red or blue) of the two Stark components of the upper 4 F 3/2 manifold. The contribution to gain-warping from the A-f transition at 1054.2 nm is dominant for this extraction wavelength. Its population inversion is reduced to 30% of its initial value on the front surface, and owing to the fluence increase incurred during passage through the amplifier, is reduced to 10% of the initial value on the back surface.
The data presented in this section demonstrate how a superposition of Lorentzian oscillators may be used to model spectral hole-burning effects in rare-earth-doped laser glasses. In addition, the presentation in this section suggests how effective oscillator parameters might be obtained from extraction-probe experiments. Given adequate control of pumping uniformity, probe delay, extraction pulse duration and fluence, etc., gain spectra as shown in the lower-right panel of Fig. 2 but measured in the laboratory should facilitate the adjustment of material parameters for use in predictive simulations of broadband pulses in the saturating regime.
RESULTS
In this section, we add P Kerr to the nonlinear polarizations of Sec. 3.1 (single oscillator) and Sec. 3.2 (twelve oscillators), and compare results for the intense, phase-modulated incident pulse of Sec. 3.1. Spectra corresponding to the latter case, but with the Kerr term artificially disabled will also be presented as a reference.
More precisely, the initial inversions are actually relaxed analytically according to the time delay associated with the probe's traversal of the amplifier and Eq. (7) with E = 0, but this adjustment is quite negligible here. Spectral intensities resulting from pulse amplification computed according to the single-oscillator (blue curve) and twelve-oscillator (red curve) models are shown in the left panels of Fig. 3 . Also shown is the twelve-oscillator case with the optical Kerr effect disabled (black curve). The single-oscillator (blue curve) and twelve-oscillator (red curve) amplified pulses are shown in the top-right and bottom-right panels of Fig. 3 , respectively. The temporal shape of the twelve-oscillator case with the Kerr effect disabled is not shown in this figure because, with the chosen axis ranges, it is barely distinguishable from the Kerr-enabled case.
The incident spectrum was shown in the left panel of Fig. 1 of Sec. 3.1.1, where Kerr-free, single-oscillator amplification was discussed. In that case, the spectrum retains its symmetry during amplification (not shown) not only because the emission cross section is symmetric, but also because the spectral components are basically evenly distributed across the steepened temporal shape. In other words, there are enough oscillations in the sinusoidal phase during both the leading and trailing temporal edges to prevent square pulse distortion from non-uniformly amplifying the spectrum. Even though this remains true for the single-oscillator results presented in this section, the inclusion of the Kerr polarization term produces asymmetry in the amplified spectrum (blue curve) shown in the top-left panel of Fig. 3 . In particular, the first few sidebands on either side of the central 1053-nm peak indicate preferential amplification at longer wavelengths.
We note that, because the broadband pulse is itself responsible for the saturation (as opposed to a narrowband extraction pulse considered previously), in other words, not in the small-signal regime, the saturated gain curve shown in the bottom-right panel of Fig. 2 (4.0 J/cm 2 , blue curve) does not strictly apply here. However, the twelve-oscillator spectrum of Fig. 3 (red curve, top-left panel) shows preferential amplification at longer wavelengths, which is consistent with the gain-warping portrayed in Fig. 2 . On the other hand, this feature can be explained simply in terms of the wavelength dependence of the gain: The incident pulse energy is essentially contained in a spectral window between 1045 nm and 1060 nm. The members of the dominant A-x series of oscillators have response centered at 1054.2 nm and above (see Fig. 2 ). Thus, the signal centered on 1053 nm has its red-shifted components more strongly amplified. Furthermore, the forgoing explanation is supported by the fact that the Kerr-disabled amplified spectrum (black curve) also possesses this feature. While the Kerr effect is not primarily responsible for the preferential amplification at longer wavelengths, it does produce spectral broadening as indicated by the enhanced low-level ripples (red and blue curves) in the zoomed spectra in the bottom-left panel of Fig. 3 . In addition, the Kerr-disabled reference case (black curve) has higher spectral peaks than the comparable Kerr-enabled case (red curve) -in the latter case, the energy has partially spread from these peaks into the intervening wavelengths.
Finally, gain-warping can be observed in the twelve-oscillator amplified pulse shape shown in the bottom-right panel of Fig. 3 . To the extent that the gain curves in the bottom-right panel of Fig. 2 can be admitted, we can interpret the result as follows: A gradual transition is made during the pulse from "more or less back-and-forth across the peak" behavior to "up and down the curve, more or less" because, by the late-time pulse tail, the bandwidth of the pulse reaches only slightly beyond the peak of the saturated gain curve, which has migrated to ∼1060 nm. In other words, the period of the amplitude modulation arising from FM-to-AM transitions from having one-half the period of the modulation imposed on the incident pulse to having the same period.
CONCLUSIONS
We have presented an approach to simulating the propagation and amplification of broadband laser pulses in rareearth-doped glasses. Currently, the approach captures (1) the full wavelength dependence of the resonant response as long as it can be reasonably represented by a superposition of Lorentzian oscillators, (2) gain saturation in terms of depletion of the lasing transition's population inversion as long as limiting cases for cross-relaxation and lower-level drain apply, (3) spectral hole-burning effects ("gain-warping") as long as the required material parameters are obtainable, and (4) the optical Kerr effect as long as it may be treated as being instantaneous. A distinguishing feature of our approach is that it preserves Kramers-Kronig relations that link the gain to phase shifts associated with the resonant response; while its consequences were not investigated in this paper, the real part of the susceptibility, whose imaginary part is shown in Fig. 2 , is equally operative. The approach may be used to simulate an essentially arbitrary pulse as long as envelope representations for the laser field and the nonlinear polarization do not sidestep relevant physics.
For the broadband pulses and overdamped oscillators considered here, we find that the optical Kerr effect remains the limiting factor in terms of acceptable z step size, and that the time-domain approach is stable and converges rapidly as long as aliasing is avoided. Computational efficiency improvements will be made by modifying the time-domain solver to take advantage of exponential time differencing Runge-Kutta methods.
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As a final remark, we note that, despite the fact that all data presented in this paper correspond to 1D simulations, the full laser pulse propagation/amplification problem including beam diffraction, self-focusing, etc. amounts to the evaluation of the 1D approach described herein for each point in transverse space as described in Sec. 2.1.
APPENDIX A. PARAMETER DEFINITIONS
Here, we give definitions/values of symbols that remain to be defined. and µ 0 are, of course, Planck's constant divided by 2π and the permeability of free space, respectively.
The following symbols refer to a particular RDE+PIE pair (labeled 'a' in Section 2.2.1) used to model the lasing transition:
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• N 2 and N 1 refer to the upper-and lower-level population densities, respectively.
• 2 * is a factor on the interval [1, 2] introduced to combine the case of a three-level or other system with extreme bottlenecking of the lasing transition's lower level (2 * = 2) with the case of a four-level system characterized by N 1 ≈ 0 for all t (2 * = 1, extremely rapid lower level relaxation). Throughout this paper, we choose 2 * = 1.
• In Eq. (6), K = 2π µ0 1 ω 2 a c n(ωa) 3 * γ rad .
• 3 * is a factor on the interval [0, 3] introduced to set the scale of the field-dipole interaction for the various possible ion orientations and laser polarization states. In this paper, we choose 3 * = 1 to correspond to an amorphous solid and a linearly polarized laser field.
• γ rad is the radiative decay rate. We note here that the product 3 * γ rad can be related to the corresponding peak emission cross section (its value at line center) as 3 * γ rad = ∆ω a 2π n(ω a ) ω a c 2 σ(ω a ).
See Chap. 7 of Ref.
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